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Spin–Yaw Lockin of an Elastic Finned Projectile
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Supersonic finned projectiles carrying very long dense metallic rods have been observed to have significantly large
flexing motion. The appropriate Lagrangian for a pitching, yawing, rolling, and flexing missile is derived, and the
finite element method is used to construct differential equations for finite element parameters. These differential
equations for constant spin are used to calculate frequencies and damping rates of transient motion and trim
response motion to missile-fixed inertia and aerodynamic forcing terms associated with inelastic deformations.
The results agree with earlier results based on much more difficult iterative integration of a complex differential
equation with unusual boundary conditions. Only three rod elements were necessary for reasonable accuracy. The
finite element ordinary differential equations allow calculation of the time history of missile motion with varying
spin and demonstrate the occurrence of spin–yaw lockin at the aerodynamic frequency and at the lowest elastic
frequency.

Nomenclature
ad = (16L)−1

c f j (x) = aerodynamic force distribution functions
d = maximum rod diameter
E(x) = Young’s modulus
E0 = Young’s modulus at center of rod
F = complex transverse aerodynamic force, Fy + i Fz

F = aerodynamic force exerted on missile, nonspinning
coordinates (NSC), (Fx , Fy , Fz)

g1 = ρV 2 S/2
Im{z} = imaginary part of z
It0 = transverse moment of inertia of projectile about rod

center
Ix = axial moment of inertia of projectile
I (x) = area moment of rod,

(d)4

∫∫
y2 dy dz = (d)4

∫∫
z2 dy dz

I0 = area moment at rod center
k = beam damping coefficient
L = rod length/rod diameter
Le = dimensionless length of element, L/n j

M = aerodynamic moment exerted on missile, NSC,
(Mx , My, Mz)

m = projectile mass
n j = number of rod elements
nt = 2n j + 2
p = projectile spin
qbn = finite element method (FEM) connectors, body-fixed

coordinates (BFC), where n = 3.4, . . . , nt

qn = FEM connectors, NSC, where n = 3.4, . . . , nt

q1 = complex angle of attack of central disk, NSC, β + iα
qle = complex yaw and pitch of central disk, NSC, ψ − iθ
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q2 = complex yaw and pitch rate of central
disk, NSC, ψ̇ − i θ̇

Re{z} = real part of z
S = πd2/4
T = total kinetic energy
Td = kinetic energy of disk at x with thickness dx
V = magnitude of projectile velocity
xc = axial location of center of mass
x01, x23 = dimensionless length of fore and aft aerodynamic

extensions
x1, x2 = location of rod ends
α = angle of attack of central disk
β = angle of sideslip of central disk
� = complex cant of disk, ∂δE/∂x
δc = lateral location of missile’s center of mass, NSC,

L−1

∫ x2

x1

δE dx

δE = lateral displacement of disk, NSC, δEy + iδEz

εM = maximum strain of rod
λk = damping of kth mode
ρ = air density
ρ j = axial variation of mass, moment of inertia, elasticity
σ = ω1/ωR

φ = roll angle
φ̇k = frequency of kth mode
ωR = rigid projectile zero-spin frequency
ω2

0 = E0 I0(L/md)
ω1 = lowest elastic frequency of beam in vacuum

Subscripts

B = bent projectile
BF = bent fin parameter
b = BFC parameter
E = elastic coordinate parameter, NSC
T = trim motion parameter

Introduction

V ERY long finned projectiles carrying very dense metallic rods
have been observed to be subjected to large inelastic deforma-

tions during hypersonic flight.1 Spark shadowgraphs of these pro-
jectiles have shown elastic bending motion with amplitudes as large
as the rod’s radius.2 It has been conjectured that the cause of the
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inelastic deformation was the bending load associated with pitching
and yawing motion at resonant spin frequencies. These frequencies
would be near to the aerodynamic frequency of a rigid projectile or
the elastic frequencies of the rod.

Spinning motion at a resonant frequency can be caused by a non-
linear roll moment associated with the roll orientation of the fins
or by mass asymmetry due to damage or poor construction of the
projectile. This spin–yaw lockin mechanism has been discussed for
a rigid missile by several authors.3−7

The linear flight motion of an elastic missile has been consid-
ered in Refs. 8–13. In Ref. 11, a very simple theoretical model of
a projectile composed of three components connected by two bent
massless elastic beams was used to approximate an elastic missile.
For appropriate selection of beam parameters, spin–yaw lockin was
demonstrated and large-amplitude oscillations occurred. In Refs. 12
and 13, the linear partial differential equation for a continuously elas-
tic missile was derived and special solutions for harmonic transient
motion and trim motion were obtained. A nonlinear roll moment was
shown to be capable of producing equilibrium spin near resonance.
Although the lateral motion of the pitching and yawing missile was
linearized, it was necessary to retain the quadratic terms in the roll
equation. A time history of motion going to lockin was not obtained
at that time. It is the purpose of this paper to compute such a time
history by use of the finite element method.14

The lateral motion of a symmetric rigid missile has often been
described by complex variables,15 and complex variables were used
in Refs. 8 and 11–13 to describe the lateral flexing motion of the
rotationally symmetric rod. The equations of motion of a spinning
missile are usually derived by vector analysis and Newtonian me-
chanics, but finite element method equations for elastic bodies re-
quire the use of the more sophisticated Lagrangian mechanics. The
Lagrangian of a system must be stated in body-fixed coordinates.
Separate differential equations in the two lateral directions can be
obtained from the appropriate Lagrangian. Pairs of equations are
combined and complex variables introduced to yield half as many
complex equations.

If 5 elements are used to describe the pitching and flexing motion
of the missile, 20 parameters, commonly called connectors, are in-
troduced and 25 second-order differential equations and 1 first-order
differential equation are required. The introduction of complex an-
gles and complex connections reduce this system to 12 second-order
complex differential equations and 2 real differential equations.

Coordinate System
The elastic missile is assumed to consist of a very heavy elastic

circular rod of fineness ratio L and mass m embedded in a very light
symmetric aerodynamic structure that may be longer than the rod.
The rod’s axial moment of inertia is Ix and its transverse moment
of inertia about its center is It0. The rod’s diameter can vary over
its length, and its maximum diameter will be denoted by d. All dis-
tances will be expressed as multiples of the rod diameter, and its
length is Ld. A nose windshield of length x23d may be attached
to the forward end of the rod, and the fins may extend beyond the
end of the rod a distance x01d . Thus, the rod is located between
x1 = −L/2 and x2 = L/2, whereas the aerodynamic structure ex-
tends from x0 = x1 − x01 to x3 = x2 + x23.

An Earth-fixed coordinate system will be used with the Xe axis
oriented along the initial direction of the missile’s velocity vector.
The Ze axis is downward pointing, and the Ye axis is determined
by the right-hand rule. A nonrotating coordinate system XYZ is
then defined with the origin always at the center of the rod and
the X axis tangent there. The X axis pitches through the angle θ
and yaws through the angle ψ , with respect to the Xe axis. Body-
fixed coordinates XYb Zb are now defined for which the Yb–Zb axes
rotate with the missile though the roll angle φ with respect to the
Y –Z axes.

We will conceptually slice the missile into a large number of thin
disks perpendicular to the X axis with thickness dx . When the rod
flexes, the disks shift laterally perpendicular to the X axis and cant
to be perpendicular to the centerline of the disks. This canting action
neglects the shear deformation of the rod, and this constraint is called

Fig. 1 X–Z coordinates of cross-sectional disk.

Fig. 2 X–Y coordinates of cross-sectional disk.

the Bernoulli assumption (see Ref. 14). The lateral displacement of
a disk has body-fixed coordinates δby and δbz , and the disk is canted
at angles �by and �bz :

�by = ∂δby

∂x
, �bz = ∂δbz

∂x
(1)

Note that at the central disk

δby(0, t) = δbz(0, t) = �by(0, t) = �bz(0, t) = 0 (2)

In Ref. 12, the nonspinning elastic coordinate system with XY Z
axes (φ = 0) was used. The lateral displacements of a disk in this
elastic coordinate system are shown in Figs. 1 and 2 and can be
computed from body-fixed quantities,

δE = δEy + iδEz = (δby + iδbz)e
iφ (3)

� = �y + i�z = (�by + i�bz)e
iφ (4)

The Earth-fixed coordinates of the central disk are xe, ye and ze,
and the Earth-fixed coordinates of the other disks are computed in
terms of the central disk Earth-fixed coordinates, their body-fixed
displacements, and the Euler angles θ , ψ , and φ.

xde = xe + x�1 − (ψ2 + θ 2)/2� − ψ Re
{
(δby + iδbz)e

iφ
}

+ θ Im
{
(δby + iδbz)e

iφ
}

(5)

yde = ye + xψ + Re
{
(δby + iδbz)e

iφ
}

(6)

zde = ze − xθ + Im
{
(δby + iδbz)e

iφ
}

(7)
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The variables ye, ze, θ , ψ , δby , and δbz and their derivatives are
assumed to be small quantities, but xe and ẋe are not small. La-
grangian dynamics yields the correct linearized differential equa-
tions for these six variables when the kinetic energy expansion re-
tains all quadratic terms in these variables. Thus, Eqs. (6) and (7)
consist of only linear terms, but Eq. (5), which contains xe, retains
quadratic terms in these variables. The coefficient of x in Eq. (5), for
example, is the quadratic form of the cosine of the angle between
the Xe axis and the X axis.

The angular velocity of the central disk in the body-fixed coordi-
nates is

p = φ̇ − ψ̇θ (8)

qb = Re{(θ̇ + iψ̇)e−iφ} (9)

rb = Im{(θ̇ + iψ̇)e−iφ} (10)

The angular velocity of any other disk along axes aligned with the
disk’s axes of symmetry is

pd = p(1 − ��̄/2) + qd�by + rd�bz = p + Re{(θ̇ + iψ̇ − i �̇)�̄}
(11)

qd = qb − �̇bz − φ̇�by = Re{(θ̇ + iψ̇ + i �̇)e−iφ} (12)

rd = rb + �̇by − φ̇�bz = Im{(θ̇ + iψ̇ + i �̇)e−iφ} (13)

Motion of Central Disk
The mass of each circular disk is (m/L)ρ1(x) dx , its roll moment

of inertia is 2ad(md2)ρ2(x) dx , and its transverse moment of inertia
is ad(md2)ρ2(x) dx , where ad is (16L)−1. Here ρ1(x) and ρ2(x)
describe the variation of mass and moments of inertia along the
rod, and both become unity for a homogeneous rod with constant
diameter. The kinetic energy of a disk is, therefore,

Td dx = ⌊(
md2ρ1/2L

)(
ẋ2

de + ẏ2
de + ż2

de

)

+ (
ad md2ρ2/2

)(
2p2

d + q2
d + r 2

d

)⌋
dx (14)

The total kinetic energy of the missile can be obtained by integrating
Td over the length of the rod,

T =
∫ x2

x1

Td dx = TR + md2(T11 + T12) +
(

md2

2L

)
(T21 + T22)

(15)
where

TR =
(

md2

2

)(
ẋ2

e + ẏ2
e + ż2

e

) + Ix p2

2
+ It0(ψ̇

2 + θ̇2)

2

+ md2xc[ẏeψ̇ − że θ̇ − ẋe(ψψ̇ + θ θ̇)]

T11 = −ẋe Re{(ψ + iθ)δ̇c + (ψ̇ + i θ̇ )δc}
T12 = Re{(ẏe − i że)δ̇c + (ψ̇ + i θ̇ )( J̇6 + J8)}

T21 =
∫ x2

x1

(
δ̇2

Ey + δ̇2
Ez

)
ρ1 dx + (ad L)

∫ x2

x1

(
�̇2

y + �̇2
z

)
ρ2 dx

T22 = 2φ̇(ad L)Re

{∫ x2

x1

(2i �̇ − φ̇�)�̄ρ2 dx

}

xc =
(

1

L

)∫ x2

x1

xρ1 dx

J6 and J8 are defined in Appendix A.
The ye and ze components of the central disk velocity can be

approximated by linear relations in angles of pitch and yaw with
respect to inertia axes θ and ψ and angles of attack and sideslip

with respect to the velocity vector α and β as shown in Figs. 1 and
2. The magnitude of the velocity vector is V ,

ẏe = (V/d)(β + ψ) (16)

że = (V/d)(α − θ) (17)

Equations (16) and (17) can be written as a single complex equation,

ẏe + i że = (V/d)(q1 + q1e) (18)

where

q1 = β + iα, q1e = ψ − iθ

In Ref. 12, the linear aerodynamic force loading is expressed
in terms of three force distribution functions, cD(x), c f 1(x), and
c f 2(x), and the base pressure coefficient CDbp , plus a body-fixed
force associated with possible bent fins. Because the lateral mo-
tion of the missile is quite small, q̇1

∼= −q̇1e, and the aerodynamic
damping force terms in the aerodynamic loading on the aerodynamic
structure can be combined. This aerodynamic loading in nonrotating
elastic coordinates is
dFx

dx
= −g1cD(x) (19)

dFy

dx
+ i

dFz

dx

= −g1

[
c f 1(x)

[
q1 − � − �BF(x)eiφ + (δ̇E − xq̇1)

(
d

V

)]

+ c f 2(x)
(
2q̇1 − �̇ − i φ̇�BF(x)eiφ

)( d

V

)]
(20)

Fxbp = −g1CDpb (21)

The total aerodynamic force acting on the aerodynamic structure
is given by the integrals of Eqs. (19) and (20) and by adding the
base drag of Eq. (21) to the axial force,

Fx = −g1CD = −g1

[∫ x3

x0

cD(x) dx + CDbp

]
(22)

F = −g1

⌊
c1q1 + c2(q̇1 d/V ) − CNBFeiφ − J1(t) − J̇2(t)(d/V )

⌋
(23)

where various functions are defined in Appendix A.
Similarly, the transverse aerodynamic moment about the mis-

sile’s center of mass for xc = 0 can be computed from the transverse
aerodynamic force and a small axial force contribution:

M = My + i Mz

= −i(g1d)
[
c3q1 + c4(q̇1d/V ) − CMBFeiφ

−J3(t) − J̇4(t)(d/V ) − J5(t)
]

(24)

The motion of the central disk is described by the variables xe,
ye, ze, φ, ψ , and θ , and the motion of any other section on the
aerodynamic structure located at x with thickness dx is the sum of
this motion plus its motion relative to the central disk. The work
done on any section caused by motion of the central disk is

(dWcd)x dx = d Q1x dxe + d Q1ydye + d Q1zdze

+ d Q2x dφ + d Q2ydq1ey + d Q2zdq1ez (25)

where the sectional generalized forces are defined in Appendix B.
The total generalized forces can be obtained by integrating the sec-
tional generalized forces and adding the work done by the base
pressure drag. These are also given in Appendix B.
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The linearized Lagrangian differential equation for xe and φ give
the usual drag and spin equation,

mV̇ ∼= mẍe = −g1CD (26)

Ix φ̈ = Mx (27)

The Lagrangian differential equation for ze can be multiplied by i
and added to the Lagrangian differential equation for ye to yield a
single second-order differential equation in complex variables. Next
the Lagrangian differential equation for θ can be multiplied by i and
subtracted from the Lagrangian differential equation for ψ ,

m�V (q̇1+q2) + V̇ q1 + δ̈cd + q̇2xcd� = F (28)

It q̇2 − i φ̇ Ix q2 + md2� J̈6 + J̇8 + xc δ̈c� = −i M − xc Fd (29)

where

δc =
(

1

L

)∫ x2

x1

δEρ1 dx

q2 = q̇1e, It = It0 + md2x2
c

These differential equations for xc = 0 are the same as those de-
rived by Newtonian mechanics in Ref. 12. Equations (28) and (29)
contain eight integrals of δE and �. Three of these are integrals of
dynamics properties δc, J6, and J8 over the rod (x1, x2) and five are
integrals over aerodynamic properties J1, J2, J3, J4, and J5 over the
aerodynamic structure (x0, x3).

For constant spin and velocity and a rigid unbent missile with its
center of mass at the rod center, Eqs. (28) and (29) predict a simple
epicyclic angular motion,

q1 = K10 exp(λ1t + iφ1) + K20 exp(λ2t + iφ2) (30)

where

φ̇m = φ̇ Ix/2It ±
√

−(g1d/It )c3 + (φ̇ Ix/2It )2

For zero spin, φ̇1 = −φ̇2 = ωR , where ωR = √
[(g1d/It )|c3|].

Finite Element Method
The rod is assumed to be represented by the sum of an inelastic

bent component rotating with the missile and an elastic deformation,

δE (x, t) = δE B(x)eiφ + δ̃E (x, t), x1 ≤ x ≤ x2 (31)

δb(x, t) = δE B(x) + δ̃b(x, t), x1 ≤ x ≤ x2 (32)

where

δE B(0) = dδE B(0)

dx
= 0

Because the aerodynamic structure is rigidly attached to the rod,

δE (x, t) = δE (x1, t) + (x − x1)�(x1, t), x0 ≤ x ≤ x1 (33)

δE (x, t) = δE (x2, t) + (x − x2)�(x2, t), x2 ≤ x ≤ x3 (34)

The motion of the elastic component of the rod is controlled by the
elasticity of the rod and the aerodynamic force acting on it.

The finite element method (FEM) is a powerful method for calcu-
lating the time history of elastic flexing motion. The rod is divided
into n j elements of non-dimensional length Le = L/n j . The shape
of the j th element is given by a linear combination of third-order
Hermitian polynomials (Appendix B),

δ̃by(x, t) =
4∑
1

q̂bpy(t)Np(z) (35)

δ̃bz(x, t) =
4∑
1

q̂bpz(t)Np(z) (36)

where

x = Le(z + z j ), z j = x1/Le + j − 1, 0 ≤ z ≤ 1

The coefficients of the polynomials are functions of time and are
called connectors. The first two are the deflection and slope of the
left end of the element, and the third and fourth are the deflection
and slope of the right end. To assure continuity in deflection and
slope at junction points, the corresponding pairs of connectors are
equal. We will consider only an odd number of elements and require
that the connecters of the central element satisfy Eq. (2). Thus,

q̂b3 = 5q̂b1 + Leq̂b2 (37)

q̂b4 = 24L−1
e q̂b1 + 5q̂b2 (38)

where

q̂bq = q̂bqy + q̂bqz

For n j elements, there are 2n j independent complex connectors. It
is convenient to let the index for the connectors run from 3 to nt ,
where nt = 2n j + 2.

The usual FEM procedure calculates the elastic parts of the in-
tegrals in Eqs. (28) and (29) by first obtaining integrals over each
element. These are linear functions of that element’s four connector
functions. Because of Eqs. (37) and (38), the central element has
only two independent connector functions and the next adjacent el-
ement connector functions are related to them. Integrals for these
elements are specially computed. The desired elastic integrals are
sums of these subintegrals and are linear combinations of the 2n j

complex connector functions. The three dynamic integrals can be
written as

δc = L−1
nt∑
3

a1nqn + δcBeiφ (39)

J6 = L−1
nt∑
3

a2mqn + J6Beiφ (40)

J8 = ad

nt∑
3

b2n(q̇n − 2i φ̇qn) + i φ̇ J8B1eiφ (41)

where

qn = qbneiφ

The five aerodynamic integrals have contributions from the aero-
dynamic structure extensions as well as from each element,

J1 + J̇2

(
d

V

)
=

nt∑
3

[
( f1n + fa1n)qn + (g1n + ga1n)

(
q̇nd

V

)]

+
[

J1B + i

(
φ̇d

V

)
J2B

]
eiφ (42)

J3 + J̇4

(
d

V

)
=

nt∑
3

[
( f2n + fa2n)qn + (g2n + ga2n)

(
q̇nd

V

)]

+
[

J3B + i

(
φ̇d

V

)
J4B

]
eiφ (43)

J5 =
nt∑
3

(−CDa1n L−1 + han

)
qn + J5Beiφ (44)

Expressions for computing δcB , Jk B , and han and all FEM coeffi-
cients in Eqs. (39–44) for one, three, five, and seven elements are
given in Ref. 16.
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Equations (39–44) can be used with Eqs. (28) and (29) to write
these two complex differential equations in a standard format:

nt∑
n = 1

[
Rmnq̈n + (

Smn + i φ̇S∗
mn

)
q̇n

+ (
Tmn + i φ̇T ∗

mn

)
qn

] = tm exp(iφ) (45)

where

tm = (md2)tm D + (g1d)tm A

The coefficients for m = 1, 2 are given in Appendix C.

Flexing Motion
To derive the equations for flexing motion, the kinetic energy

given by Eq. (15) must be expressed in terms of rigid-body param-
eters plus the connector functions. The usual FEM process can be
used to express the T2 j in terms of two matrices, two vectors, and
two constants,

T21 =
nt∑
3

nt∑
3

kmn[q̇myq̇ny + q̇mzq̇zn]

− 2Re

{
i φ̇e−iφ

nt∑
3

kBmq̇m

}
+ φ̇2 Ix B1 L (46)

T22 = 2φ̇ad LRe

{
i

nt∑
3

nt∑
3

bmn(2i q̇m − φ̇qm)q̄n

+ 2ie−iφ
nt∑
3

b̄Bn(q̇m + 2i φ̇qm)

}
+ φ̇2 Ix B2 L (47)

Computation formulas for kmn , kBn , bmn , bBn , Ix B1, and Ix B2 are
given in Ref. 16.

The potential energy (PE) stored by elastic deformation is

PE =
(

1

2

)∫ x2

x1

(
E I

d

)[(
∂2δ̃by

∂x2

)2

+
(

∂2δ̃bz

∂x2

)2]
dx (48)

where

E(x)I (x) = E0 I0ρ3(x)

E0 and I0 are values of Young’s modulus and the area moment
of inertia at the rod’s center, and ρ3(x) gives the variation of their
product along the rod. For a homogeneous rod with constant di-
ameter, the product is unity. The potential energy integral can be
replaced by a sum of integrals over each of the n j elements. After
integration over each element, the results can be summed to yield a
linear combination of the 4n j real connectors,

V =
(

md2ω2
0

2L

) nt∑
m = 3

nt∑
n = 3

(qbmyqbny + qbmzqbnz)cmn (49)

where

ω2
0 = E0 I0 L/md

3

Formulas for computing cmn are given in Ref. 16.
The work done on the rod by this elastic force can be expressed

in terms of generalized force terms,

dWE =
(

md2

L

)
ω2

0

nt∑
m = 3

[QEmy dqbmy + QEmz dqbmz] (50)

where

QEmy + i QEmz = −
nt∑

n = 3

cmnqbn

The Kelvin–Voight elastic damping force (see Ref. 17) that is
proportional to the time derivative of the elastic shear force has
generalized force terms:

dWD =
(

md2

L

)
ω2

0

nt∑
m = 3

[Q Dmy dqbmy + Q Dmz dqbmz] (51)

where

Q Dmy + i Q Dmz = −
[

2k̂

ω1

) nt∑
n = 3

cmnq̇bn

ω1 = (4.730/L)2ω0

The scale factor 2ω−1
1 is selected so that k̂ = 1 corresponds to critical

damping of the first elastic mode.
The external aerodynamic force is divided between the force act-

ing on the rod and the force acting on the aerodynamic structure
extensions at the ends of the rod. The total work done on the missile
is the sum of the work done by these forces,

dWA =
n j∑

j = 1

[dWAj + dWa1 + dWan j ]

= (g1 d)

nt∑
m = 3

[Q Amy dqbmy + Q Amz dqbmz] (52)

where

Q Amy + i Q Amz =
nt∑

n = 3

[
( fmn + famn)qn + (gmn + gamn)

(
q̇nd

V

)]
e−iφ

+ fBm + faBm + i

(
φ̇d

V

)
(gBm + gaBm)

Formulas for computing fmn , gmn , famn , gamn , fBm , gBm , faBm , and
gaBm are given in Ref. 16.

Equations (50–52) in conjunction with the kinetic energy de-
fined by Eqs. (15), (46), and (47) can be used to derive the
4n j Lagrangian differential equations for the qbmy and qbmz for
m = 3, 4, . . . , 2n j + 2. The equation for qbmz should be multiplied
by i and added to the corresponding equation for qbmy to yield 2n j

complex differential equations for the complex variables qbm . If the
qbm are replaced by qm in each equation, the result has the standard
form given by Eq. (45) where the 14n j complex coefficients for
m = 3, 4, . . . , 2n j + 2 are given in Appendix C.

Special Solutions
A rigid symmetric finned missile flying with constant spin and ve-

locity has two natural frequencies, φ̇1R and φ̇2R , where φ̇1R
∼= −φ̇2R .

For zero spin, each of the flexure frequencies gives rise to two con-
ing frequencies, ±ωK . The frequencies present in the motion of an
elastic projectile form an infinite sequence where the first two are
related to φ̇1R and φ̇2R , whereas the later ones evolve from ±ωK ,
that is, φ̇2K + 1

∼= ωK and φ̇2K + 2
∼= −ωK . The odd-numbered modes

have positive frequencies and are called positive modes, whereas
the even-numbered modes are called negative modes. For nonzero
spin, the pairs of frequencies are no longer equal in magnitude.

Transient harmonic solutions of the homogeneous constant spin
and velocity version of Eq. (45) have the form

qm = qmkei At , A = Ak, k = 0, 1, 2, 3, . . . , 2(2n j + 1)

(53)

After substitution of Eq. (53) into Eq. (45), a set of linear homoge-
neous algebraic equations is derived that is specified by an nt by nt

matrix,

umn = A2 Rmn + A
(
Smn + i φ̇S∗

mn

) + Tmn + i φ̇T ∗
mn (54)
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The damping rates and frequencies of the transient motion are given
by roots of det(umn) = 0.

For n j elements there are 2n j + 1 pairs of positive and negative
frequencies. The lowest frequency pair is related to the two aero-
dynamic frequencies, and the other 2n j pairs are approximations
of first 2n j elastic frequencies of the infinite set of frequencies for
the elastic rod. The paired frequencies are equal in magnitude when
spin is zero, but the positive frequency has a larger magnitude when
spin is positive. For an elastic beam considered by Geradin and
Rixen,14 the first n j approximations are close to the correct values.
This accuracy is determined by the ability of n j elements to describe
the corresponding mode shape correctly. Geradin and Rixen14 also
observe that the approximations are upper bounds of correct value.

For constant spin and velocity, the trim motion in response to the
spinning bent missile forces can be obtained by assuming a solution
of the form

qn = qnT ei φ̇t (55)

The response parameters qnT vary with particular values of the con-
stant spin and are solutions of a set of nt linear inhomogeneous
algebraic equations,

nt∑
n = 1

BmnqnT = tm (56)

where

Bmn = −φ̇2
(

Rmn + S∗
mn

) + i φ̇
(
Smn + T ∗

mn

) + Tmn

In Ref. 12, both of these special solutions were computed from
iterative solutions of second-order differential equation specified by
special boundary conditions. The FEM approach obtains the same
results and more by much simpler matrix operations.

Quadratic Roll Equation
The linear roll equation (26) was derived from a kinetic energy

function that neglected cubic terms in q1y , q1z , q2z , qbny, and qbnz .
To derive the quadratic roll equation, cubic terms involving φ and
φ̇ must be retained. The resulting roll equation is the same as that
derived in Ref. 12 from Newtonian mechanics,

Ix φ̈ + md2 Re
{

J̇7 − i q̇2 J̄6 + iq2 J̄8 − i F δ̄c

} = Mx (57)

where J̇7(t) is defined in Appendix A.
The aerodynamic roll moment is the X component of the aerody-

namic moment about the center of the central disk. The linear roll
moment coefficient for a rigid finned projectile is usually expressed
in terms of a roll damping coefficient and a steady-state spin,

(C�)linear = C�p(φ̇ − pss)(d/V ) (58)

The steady-state spin is usually determined by a differential canting
of the fins caused either intentionally by the designer or uninten-
tionally by damage to the projectile.

The roll moment of one of the projectile’s thin disks is the sum of
the linear roll moment. It has as part of a projectile and the quadratic
roll moment induced by the transverse aerodynamic force acting on
its lateral displacement relative to the center of the central disk. If
we retain only the dominant c f l term in Eq. (20), the quadratic roll
moment has the form

(d Mx )quadratic = �(d Fz)δEy − (d Fy)δEz�

= (g1d)c f 1 Re
{

i
[(

q1 − � − �BFeiφ
)

+ (δ̇E − xq̇1)(d/V )
]
δ̄E

}
dx (59)

The total aerodynamic roll moment acting on the projectile, there-
fore, is

Mx = (g1d)[(C�)linear + Re{Q A(t) − i F δ̄c}] (60)

where

Q A(t) = i

∫ x3

x0

c f 1

[
(ξ − �) + (δ̇E − xq̇1)

(
d

V

)]
(δ̄E − δ̄c) dx

The nonlinear roll moment from Eq. (60) can be placed in the spin
equation (57) with J̇7 expressed in terms of the FEM connectors to
yield

IX φ̈ + Re
{

md2(Q D − i q̇2 J̄6 + iq2 J̄8) − g1d Q A

} = g1d(C�)linear

(61)

Formulas for calculating the quadratic terms Ix and Q D are given
in Ref. 16.

For trim motion, φ̈ = Re{Q D} = 0 and q̇2 = i φ̇q2T ei φ̇t and Eq. (61)
becomes a simple equality of two functions of p,

f2(φ̇) = f1(φ̇) (62)

where

f1 = φ̇ − pss

f2 = −R{Q AT − (q2T md/g1)(φ̇ J̄6T + i J̄8T )}(C�pd/V )−1

Q AT = i

∫ x3

x0

c f 1

[
(q1T − �T − �BF) + i(δET − xq1T )

(
φ̇d

V

)]
δ̄T dx

and where δET and �T are computed from the solution to Eq. (56)
and J6T and J8T are J6 and J8 evaluated for δET and �T . For moderate
spin, Q AT is the dominant part of f2. Equilibrium values of spin are
determined by the intersection of these two curves. Lockin occurs
at stable equilibrium spin.

Spin lockin can only occur when the missile has some rigid asym-
metry such as that described by δE B or �BF. For a rigid missile, δET

and �T are δE B and �B . Here q1T is a function of spin, which has
a large resonant amplitude when spin is near ωR . For an elastic
missile, q1T , δET , and �T are all functions of spin and have large
resonant amplitudes when spin is near φ̇2k − 1 for positive spin or
near φ̇2k for negative spin.

Numerical Results
In Ref. 12, calculations were made for a 20-caliber fin-stabilized

rod flying at 6000 ft/s. The finned missile has a 1-caliber nose ex-
tension and a 1-caliber fin extension (Fig. 3). The mass and aerody-
namic parameters for the finned missile are given in Appendix D.
A pair of quartic curves will describe the bent rod,

δE B

{= d11x2 + d21x4, −10 ≤ x ≤ 0

= d12x2 + d22x4, 0 ≤ x ≤ 10 (63)

The values of di j are given in Appendix D.
A measure of the flight flexibility of a missile is the ratio of the

first elastic frequency to the rigid missile aerodynamic frequency,
σ ≡ ω1/ωR . Calculations of φ̇1 vs σ have been made for the one-,
three-, five-, and seven-element rod. The results for all but the one-
element rod are practically identical. At σ = 5, the aerodynamic
frequency is 60% of the rigid-missile aerodynamic frequency, and
even at σ = 10, it 10% less than the rigid-missile aerodynamic fre-
quency.

The first six positive frequencies and their damping rates for σ = 5
have been calculated for 1, 3, 5, and 7 elements. These results to-
gether with calculations from the theory of Ref. 12 are tabulated in
Table 1. We identify frequencies that differ from the Ref. 12 value by
more than 10% as poor values and they are marked by an ×. Thus,
the one-element rod yields one moderately good result, whereas
the three-element and five-element rods yield three and five good
results, respectively. For this elastic problem, n j − 1 elastic frequen-
cies are well calculated. For zero spin, the negative frequencies are
the negatives of the positive frequencies.

Because the three-element rod predicts the lower three frequen-
cies quite well, all of the calculations given in this paper are based
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Fig. 3 Finned missile.

Table 1 Transient frequencies and damping ratesa

Code k φ̇k/ωR λk/ωR

1-elem 1 0.645 −0.0530
3-elem 1 0.612 −0.0528
5-elem 1 0.613 −0.0528
7-elem 1 0.613 −0.0528
Ref. 12 1 0.614 −0.0529
1-elem 3 6.146× −0.0855
3-elem 3 5.194 −0.0724
5-elem 3 5.181 −0.0718
7-elem 3 5.180 −0.0717
Ref. 12 3 5.184 −0.0717
1-elem 5 20.31× −0.0644
3-elem 5 13.81 −0.0518
5-elem 5 13.79 −0.0523
7-elem 5 13.76 −0.0518
Ref. 12 5 13.74 −0.0506
1-elem 7 × ——
3-elem 7 30.00× −0.1018
5-elem 7 26.97 −0.0914
7-elem 7 26.79 −0.0881
Ref. 12 7 26.69 −0.0825
1-elem 9 × ——
3-elem 9 53.37× −0.2060
5-elem 9 44.28 −0.1389
7-elem 9 44.18 −0.1462
Ref. 12 9 43.84 −0.1427
1-elem 11 × ——
3-elem 11 100.44× −0.4708
5-elem 11 72.19× −0.1309
7-elem 11 65.88 −0.1256
Ref. 12 11 64.49 −0.1202

aHere σ = 5 and φ̇ = 0.

on a three-element rod. Most of these have been repeated for a five-
element rod, and almost identical results have been obtained.

According to Table 1, the first elastic frequency for σ = 5 is near
5.2ωR , and in Ref. 13, it is predicted that resonant lockin is pos-
sible for pss = 6.5ωR . Equations (45) were integrated using an ex-
plicit Runge–Kutta formula based on the Dorman–Prince scheme.18

All initial conditions were set equal to zero except φ̇0 = 0, 5.4ωR .
For zero initial spin, resonant lockin occurs and large strains re-
sult. For the larger value of initial spin, lockin occurs near pss .
This behavior was predicted by the simple three-body theory of
Ref. 11.

It is very unlikely that sufficient fin damage occurs to produce a
pss in excess of five times ωR . Because it is much more likely that a
pss near ωR can be produced, the observed inelastic deformation is
probably caused by lockin at the aerodynamic frequency, and this
case is considered in detail next.

In Fig. 4, f2 is plotted vs φ̇/ωR for σ = 5 and �BF = 0. Large res-
onance values occur for φ̇/ωR

∼= 0.6, and an f1 line for pss = 0.8ωR

is also shown. The f1 line has three intersections with the f2 curve,
which are values of equilibrium spin (0.590, 0.647, and 0.788). The

Fig. 4 Parameter f2 vs φ̇/ωR for ΓBF = 0, σ = 5, and pss = 0.8ωR.

Fig. 5 Parameter φ̇/ωR vs time for ΓBF = 0, σ = 5, and pss = 0.8ωR;
(initial conditions all zero except ψ̇0 = 0 and −3 s−1.

intersection near pss/ωR is denoted as psse/ωR , whereas the other
two are p1e/ωR and p2e/ωR .

In Fig. 5 spin histories are plotted for pss = 0.8ωR with zero initial
conditions except for ψ̇0 = 0 and −3 s−1. Here we see that psee spin–
yaw lockin occurs for zero initial angular velocity and p1e spin–yaw
lockin for an initial yaw rate of −3 s−1. For lockin at psee, the motion
is smaller than 0.09 rad, whereas for lockin at p1e, it is as large as
0.15 rad. The motion of the forward end of the rod in body-fixed
coordinates is given in Fig. 6. Motion for psee lockin is less than
0.17 (0.7 in.) and after 1 s, it is never greater than 0.09 (0.4 in.). For
p1e lockin, it exceeds 0.28 (1.2 in.).



128 MURPHY AND MERMAGEN

Fig. 6 Rod forward tip motion (qb7y vs qb7z) for ΓBF = 0, σ = 5, pss =
0.8ωR, and ψ̇0 = 0 and −3 s−1.

Fig. 7 Maximum strain εM vs time for ΓBF = 0, σ = 5, pss = 0.8ωR, and
ψ̇0 = 0 and −3 s−1.

Fig. 8 Parameter ψ̇0 vs θ̇0 showing regions of psse, ple lockin, ΓBF = 0, σ = 5, and pss = 0.8ωR.

The maximum strain on the rod is located on the rod’s surface at
its center. Strain at this location is written in terms of three element
connectors as

εM =
(

1

2

)∣∣∣∣∂
2δE (0)

∂x2

∣∣∣∣ = L−2
e |12q5 + 2Leq6| (64)

The time history of the maximum strain is plotted in Fig. 7 for ψ̇0 = 0
and −3 s−1. For most metals, yield will occur for maximum strains
in excess of 0.0015, and we see that yield does occur for resonance
lockin.

The two regions of the initial angular rate plane, that is, the ψ̇0–θ̇0

plane, which induces either variety of lockin, can be determined by
a number of trial and error calculations, and the boundary curve
between these regions is shown in Fig. 8. Initial conditions outside
this curve will cause resonance lockin, whereas conditions inside it
induce psee lockin.

Summary
The application of the FEM to the calculation of the motion of a

pitching, yawing, and flexing missile has resulted in the construction
of a family of linear differential equations.

Computer codes have been developed for one, three, five, and
seven elements and used to obtain the first four elastic fre-
quencies. The three-element code has given excellent values of
the first two elastic frequencies. The five-element and seven-
element codes provide equally good values of the first four elastic
frequencies.

Integration of these differential equations has demonstrated res-
onant spin lockin at the aerodynamic frequency and the first elastic
frequency. Lockin can occur near the design steady-state spin, or
near resonance with a transient frequency. Calculations have iden-
tified regions of a yaw rate–pitch rate plane that determine which
lockin will occur.

Appendix A: Integrals
The aerodynamic coefficients are

c1 = CNα =
∫ x3

x0

c f 1 dx

c2 = CNq + CN α̇ =
∫ x3

x0

c f 3 dx, c3 = CMα =
∫ x3

x0

c f 1x dx
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c4 = CMq + CM α̇ =
∫ x3

x0

c f 3x dx

CNBF =
∫ x3

x0

cBF�BF dx, CMBF =
∫ x3

x0

cBF�BFx dx

c f 3 = 2c f 2 − xc f 1, cBF = c f 1 + (φ̇d/V )c f 2

The functions of time are

δc(t) =
(

1

L

)∫ x2

x1

δEρ1 dx, J1(t) =
∫ x3

x0

c f 1� dx

J2(t) =
∫ x3

x0

(c f 2� − c f 1δE ) dx, J3(t) =
∫ x3

x0

c f 1�x dx

J4(t) =
∫ x3

x0

(c f 2� − c f 1δE )x dx

J5(t) =
∫ x3

x0

cD(δE − δc) dx + [δE (x1) − δc]cDbp

J6(t) =
(

1

L

)∫ x2

x1

xδEρ1 dx

J7 = −
(

i

L

)∫ x2

x1

[ρ1δ̇E δ̄E − ρ2ad L(�̇ + 4i φ̇� + iq2)�̄] dx

J8(t) = ad

∫ x2

x1

(�̇ − 2i φ̇�)ρ2 dx

Appendix B: Generalized Forces
and Hermitian Polynomials

The forces and polynomials are

dQ1x = dFx

dx
dx = −g1cD(x) dx

dQ1y + i dQ1z =
[

dFy

dx
+ i

dFz

dx
+ (−ψ + iθ)

dFx

dx

]
dx

dQ2x = dMx

dx
dx

dQ2y + i dQ2z =
[

x

(
dFy

dx
+ i

dFz

dx

)
− δE

dFx

dx
− θ

dMx

dx

]
dx

Q1x = Fx

Q1y + i Q1z = Fy + i Fz + (−ψ + iθ)Fx

Q2x = Mx

Q2y + i Q2z = −i(My + i Mz − i Fxδc) − θ Mx

N1 = 1 − 3z2 + 2z3, N /

1 = 6(z2 − z)

N2 = Lez(1 − z)2, N /

2 = Le(1 − 4z + 3z2)

N3 = z2(3 − 2z), N /

3 = 6(z − z2)

N4 = Lez2(z − 1), N /

4 = Le(3z2 − 2z)

Appendix C: Differential Equation Coefficients
For Eq. (45), where m = 1, 2,

R1n = (md2/L)a1n, R2n = (md2/L)(a2n + (ad L)b2n + xca1n)

S11 = (md)V + (
g1d2/V

)
c2, S12 = xcmd2

S1n = −(
g1d2/V

)
(g1n + ga1n), S21 = (

g1d2V
)
(c4 − xcc2)

S22 = It0 + md2x2
c , S2n = −(

g1d2/V
)
(g2n + ga2n) − xc S1n

T11 = (g1d)(c1 − CD), T12 = (md)V

T1n = −(g1d)( f1n + fa1n), T21 = (g1d)(c3 − xcc1)

T2n = −(g1d)
(

f2n + fa2n − CDa1n L−1 + han

) − xcT1n

S∗
2n = −2(md2)ad b2n, T ∗

22 = −Ix

t1D = (φ̇2 − i φ̈)δcB, t2D = (φ̇2 − i φ̈)(J6B + J8B1)

t1A = J1B + i(φ̇d/V )J2B, t2A = J3B + i(φ̇d/V )J4B

For Eq. (45) where m > 2,

Rmn = (md2/L)kmn

Sm1 = (md)V a1m L−1 − (
g1d2

/
V

)
(gm1 + gam1), Sm2 = R2m

Smn = −(
g1d2

/
V

)
(gmn + gamn) + (md2/L)

(
2ω2

0

/
ω1

)
k̂cmn

Tm1 = −(g1d)
(

fm1 + fam1 + CDa1m L−1
)
, Tm2 = mdV a1m L−1

Tmn = −(g1d)( fmn + famn) + (md2/L)ω2
0cmn + 2φ̇2md2ad bmn

S∗
mn = −4(md2)ad bmn, T ∗

m2 = 2md2ad b2m

T ∗
mn = −(md2/L)

(
2ω2

0

/
ω1

)
k̂cmn

tm D = (φ̇2 − i φ̈)(kBm/L + 2ad bBm) − 4i φ̇2ad bBm

t3A = fB3 + faB3 + i(φ̇d/V )(gB3 + gaB3)

t4A = fB4 + fa4B + i(φ̇d/V )(gB4 + ga4B)

tm A = fBm + i(φ̇d/V )gBm 4 < m < nt − 1

t(nt − 1)A = fB(nt − 1) + faB(nt − 1) + i(φ̇d/V )
(
gB(nt − 1) + gaB(nt − 1)

)

tnt A = fBnt + faBnt + i(φ̇d/V )
(
gBnt + gaBnt

)

Appendix D: Finned Missile Parameters
The parameters are as follows:

ρ1 = ρ2 = ρ3 = 1, xc = 0

L = 20, V = 6000 ft/s

d = 0.35 ft, ρ = 0.002 slug/ft3

m = 3.50 slug, x01 = x23 = 1

Ix = 0.054 slug · ft2, as = 1100 ft/s

It0 = 14.318 slug · ft2, aL = 2
[√

(V/as)2 − 1
]−1

c f 1




= 4(11 − x), 10 < x ≤ 11

= e2(x − 10), −5 < x ≤ 10

= −(2/π)(15 + 3x)aL , −7 < x ≤ −5

= (12/π)aL , −11 ≤ x ≤ −7
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c f 2




= 2(11 − x)2, 10 < x ≤ 11

= 2 + 0.5
(
1 − e2(x − 10)

)
, −5 < x ≤ 10

= 2.5 + (1/3π)(15 + 3x)2aL , −7 < x ≤ −5

= 2.5 − (12/π)(6 + x)aL , −11 ≤ x ≤ −7

cD

{= (0.30)(11 − x), 10 < x ≤ 11

= 0, x ≤ 10

CDbp = 0.14, C�p = −18

d11 = 0, d21 = 0

d12 = 10−3, d22 = −0.25 × 10−5

CNα = 9.7, CMα = −34.4

CMq = −980, CM α̇ = −190
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